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Abstract 

We study the behavior with the number of colors (N c ) of the A(1405) and A(1670) 
resonances obtained dynamically within the chiral unitary approach. The leading 
order meson-baryon interaction, used as the kernel of the unitarization procedure, 
manifests a nontrivial N c dependence of the flavor SU(3) representation for baryons. 
As a consequence, the SU(3) singlet (or KN) component of the A(1405) states 
remains bound in the large N c limit, while the other components dissolve into the 
continuum. Introducing explicit SU(3) breaking, we obtain the N c dependence of the 
excitation energy, masses and widths of the physical A(1405) and A(1670) resonance. 
The N c behavior of the decay width is found to be different from the general counting 
rule for a qqq state, indicating the dynamical origin of these resonances. 
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1 Introduction 



In hadron physics, one of the most active issues which have continuously at- 
tracted the attention is the explanation of the inner structure of the hadronic 
resonances. In the last years, it has been suggested that, for many mesonic and 
baryonic resonances, the multi-quark and/or the hadronic components prevail 
over the simple mesonic qq and baryonic qqq states. A remarkable example is 
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the case of the light scalar mesons (a, / (980), a (980), «(900)), which have 
been investigated in four-quark picture [1], in lattice QCD [2,3,4] and with 
special success in chiral dynamics [5,6,7,8]. In the baryonic sector the A(1405) 
resonances has been well described in coupled-channel meson-baryon scatter- 
ing [9,10], in a constituent quark model [11], in lattice QCD [12,13,14,15], 
and in dynamical approach with chiral symmetry [16,17,18,19]. Given the im- 
portance to unveil the nature of the hadronic spectrum in order to further 
understand the dynamics of the strong interaction, methods to clarify the in- 
ternal structure of the hadrons are called for. This is one of the main aims of 
the present work, in the baryonic sector, following the lines presented in an 
exploratory study [20]. 

It is well known the success of QCD as the theory for the strong interaction. 
However, the application of QCD to the low and intermediate hadronic spec- 
trum is not straightforward, due to the confinement property. It is at this 
point where the importance of effective theories emerges, like chiral pertur- 
bation theory (ChPT) [21,22,23]. Despite the success of ChPT to explain a 
vast amount of hadronic phenomenology at low energies, ChPT has a very 
important limitation. The applicable energy range of ChPT is typically up to 
the lowest resonance in a particular channel because ChPT is based on per- 
turbative expansions of momenta, which can never reproduce the singularity 
associated to a resonance pole. Furthermore the perturbative expansions vi- 
olate unitarity of scattering matrix at a certain kinematical scale. Hence, in 
order to construct scattering amplitudes able to make predictions and to ex- 
plain the interesting hadronic region around 1 GeV, we should rely upon non- 
perturbative methods. An outstanding success among many efforts in this di- 
rection has been the so called chiral unitary approach [5,6,7,8,16,17,18,19]. Its 
power and beauty stem from the fact that it is able to reproduce a vast amount 
of hadronic phenomenology up to energies even beyond 1 GeV with the only 
input of the lowest orders ChPT Lagrangians, the requirement that the am- 
plitudes must fulfill unitarity in coupled channels and the exploitation of the 
analytic properties of the scattering amplitude. The chiral unitary approach 
provides not only scattering amplitudes to explain hadronic interactions but 
also exploits the possibility to obtain dynamically many hadronic resonances 
not initially present in the ChPT Lagrangian. This is the case, for instance, of 
the low lying scalar mesons [5,6,7,8,24,25] which appear from the interaction 
of pseudoscalar mesons, or most of the lightest axial-vector resonances from 
the interaction of a pseudoscalar and a vector meson [26,27]. Another case of 
successful application of these chiral unitary techniques is the interaction of 
mesons with baryons [16,17,18,19,28,29,30,31,32,33,34,35,36]. These remark- 
able successes in a variety of channels can be understood that the leading 
order chiral interaction is determined model independently [37,38], which is 
the driving force to generate the resonances [39,40] 

Particularly interesting is the discovery that the A(1405) resonance is actu- 
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ally a superposition of two states [41,18,35,42]. By looking at the strangeness 
S = —1, isospin 1 = 0, s-wave meson-baryon scattering amplitude, two poles 
are found in the second Riemann sheet at the positions 1390 — 266 MeV and 
1426 — il6 [33,35,42] (similar positions are found in Refs. [43,44,45,46,47,48]). 
These poles strongly couple to the ttS and KN channels, respectively [42]. The 
physical origin of this interesting structure is attributed to the attractive inter- 
action in both the KN and the 7rS channels, constrained by chiral low energy 
theorem [49]. The phenomenological consequences of the two-pole structure 
of the A(1405) have recently been tested by the reaction K~p — > 7r 7r°£ [50] 
which was theoretically demonstrated in Ref. [51], by the pp — > pK + A(lA05) 
reaction in Refs. [52,53], by the reaction n~p — > K 7rT, in Ref. [54], by the 
radiative decay into 7A and 7S in Ref. [55], and by K* photoproduction in 
Ref. [56]. The A(1405) has been typically one of the most poorly understood 
baryons; as is well known, its low mass has been quite difficult to understand 
in naive constituent quark models [11], and the spectra shape of the A(1405) 
was found to be incompatible with a Breit-Wigner shape [57,58]. The two-pole 
picture shed new light on the structure of the A(1405), which is shown to have 
a large impact for the study of the KN interaction [49]. This is eventually 
important for the study of the kaonic nuclei [59,60,61] and kaon condensation 
in neutron stars [62]. The key issue is the resonance position of the A(1405) 
in the KN channel. The nominal A (1405) observed in the 7rS final interaction 
has a resonance peak around 1405 MeV, while the two-pole picture suggests 
that the A (1405) having strong coupling to KN is located at a higher energy, 
around 1425 MeV. The difference looks very small but, in the KN bound state 
picture of the A(1405), the important quantity is the bounding energy mea- 
sured from the KN threshold. These two values are physically quite different. 
Thus, it is desired to understand the structure of the A (1405) resonance. 

The expansion in powers of the inverse of the number of colors, 1/N C , is an 
analytic, well established and widely used approach to QCD valid for the 
whole energy region, and it enables us to investigate the qualitative features 
of hadrons [63,64,65]. In the last years the N c dependence of the poles as- 
sociated to resonances within the chiral unitary approach has shown up as 
a powerful tool to study the internal structure of particular mesonic reso- 
nances [66,67,68,69]. Since the 1/N C expansion is valid for the whole energy 
region, it can be applied to the low energy hadron scattering and hence it 
provides a connection between the quark language and the effective theories 
with hadronic degrees of freedom, like the chiral unitary approach. The known 
N c behavior of qq mesons enable us to discriminate such component from the 
others (for example, see Ref. [70]). For instance, the N c behavior of the a 
meson is totally at odds with a predominant qq nature, while the p meson 
follows clearly the expected qq behavior [66]. A similar conclusion regarding 
the dynamical nature studying the N c behavior of the resonance poles was 
found for the case of most of the low lying axial- vector resonances [69]. 
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The situation is by far more complicated in the baryon sector due to the 
nontrivial N c dependence of the leading order meson-baryon interaction found 
in Refs. [39,40]. It is usually considered that the leading order chiral interaction 
scales as 0(N ( ^ 1 ), due to the factor 1/ f 2 . However, the flavor representation 
of the baryons changes with N c , when the number of flavors is larger than 
two [71,72,73]. As a consequence, the group theoretical factor of the leading 
order chiral meson-baryon interaction shows a nontrivial N c dependence, and 
for some cases, it scales as 0(1). This would provide a different N c behavior to 
what would typically be expected from dynamically generated resonances, that 
is, the widths of the resonances go to infinity for large N c (see, for instance, 
Ref. [42]). As we will see, the fact that the poles go to infinite width for large 
N c is true for the most components, however, the flavor singlet component 
shows a non-trivial behavior: it becomes bound in the large N c limit. This can 
also be understood in connection with the kaon bound state approach to the 
Skyrmion [74,75]. 

At the same time, the behavior with N c of several resonance properties can 
provide information about the quark structure of the resonance. The general 
N c counting rule for ordinary qqq baryons indicates the scaling of the de- 
cay width as Tr ~ the mass Mr ~ O(N ) and the excitation energy 
AE = Mr — Mb — m ~ Oil) with Mb (m) the ground-state baryon (meson) 
mass [63,64,65,76,77]. Hence any significant deviation from these behaviors 
would indicate that other non-qqq components (like hadronic molecules) dom- 
inate over the qqq contribution in the wave function of the baryonic resonance. 
The N c behavior of the baryon resonances was studied in Ref. [78] in the SU(6) 
symmetric limit. A recent work [20] studied for the first time the N c behavior 
of the physical baryon resonances with flavor symmetry breaking effects, fo- 
cusing on the A(1405) resonance. In the present paper, we extend the work of 
Ref. [20] by carefully explaining the details of the analysis, investigating the N c 
behavior of more resonance properties and studying in addition the A(1670) 
resonance which also appears dynamically in the strangeness S — — 1, isospin 
1 = 0, meson-baryon scattering amplitude. 

In section 2 we summarize the formalism of the chiral unitary approach in 
order to obtain the S — — 1 meson-baryon unitarized scattering amplitudes. 
In section 3 we explain the extension of the model to arbitrary N c paying 
special attention to the lowest order meson-baryon interaction and to the reg- 
ularization scheme of the unitary bubble. We will start explaining our results, 
with the consideration, in section 4, of the large N c limit where one would 
expect a bound state for the 577(3) singlet and KN channels. In section 5 the 
explicit SU (3) breaking is taken into account and we study the N c behavior 
of the poles and the resonance parameters in order to look for discrepancies 
from the general counting rules for qqq states. We will finish by summarizing 
the results and conclusions. 
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2 The chiral unitary approach for A(1405) and A(1670) 



Detailed explanations of the formalism for the construction of the meson- 
baryon unitarized amplitude can be found in Refs. [17,18,40,33,42,44]. In the 
following we give a brief review of the formalism for the sake of completeness. 
The lowest order chiral Lagrangian for the interaction of the flavor octet of 
Nambu-Goldstone bosons with the octet of the low lying l/2 + baryons is given 
by [79]: 

C = -^{Bi-flQdfl - B]), (1) 

with $ (B) the usual SU(3) matrices containing the octets of pseudoscalars 
(baryons) and / the meson decay constant. Equation (1) provides the tree 
level transition amplitudes which, for a center of mass energy W and after 
projecting over s-wave, are 

with Ei (Mi) the energies (masses) of the baryons of the i-th channel and CV,- 
coefficients group-theoretically given by 
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(3) 



for I = and S — — 1 with C^- = The % and j subindices represent the 
different meson-baryon channels which in this case are, in isospin basis, KN, 
7rS, r/A and KE. The superscript I in Eq. (3) means that the matrix is given 
in isospin basis, in contrast to the 577(3) basis that will be introduced below. 
Equation (2) is known as the Weinberg- Tomozawa term derived using current 
algebra [37,38]. 

The key point of the chiral unitary approach is the implementation of unitarity 
in coupled channels. Based on the N/D method [8,18,44], the coupled-channel 
scattering amplitude Tjj is given by the matrix equation 



T = [1 — VG^V, (4) 

where Vij is the interaction kernel of Eq. (2) and the function Gi, or unitary 
bubble, is given by the dispersion integral of the two-body phase space Pi(s) = 
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2Mjy (s — sf)(s — Sj )/(87rs) in a diagonal matrix form by 

GiW = _ ai(so) _i^^ d ,_«M_, (5) 

s = W 2 , sf = (rm ± Mj) 2 , 

where so is the subtraction point, Oj(so) the subtraction constant and rrii is the 
mass of the meson of the channel %. This expression corresponds to the meson- 
baryon loop function. We will explain the different regularization procedures 
adopted for the G function, in connection with the N c scaling, in section 3.3. 

The matrix elements of Eq. (4) provide the MjBj — > M t Bi scattering 
amplitudes which satisfy elastic unitarity in coupled channels. The presence 
of a resonance in a given partial wave amplitude must be identified as poles 
of the scattering matrix in unphysical Riemann sheets. If these poles are not 
very far from the real axis the pole position, sr = Wr, is related to the mass, 
Mr, and width, Tr, of the resonance by Wr = (Mr ± iTr/2). The analytic 
structure of the scattering amplitude is determined by the loop function G. 
The G function in the second Riemann sheet (II) can be obtained from the 
one in the first sheet (I) by [27] 

G\\W)=G\{W)+iM i JLj, (6) 

with qi the center of mass meson or baryon momentum, 

_ _ yj(s - (Mj - mi f)(s - {Mj +gg 
* ~ 2W 

with Im(g) > 0. When looking for poles we will use Gj(W) for Re(Vr) < 
mj + Mj and G^(W) for Re(W) > mj + Mj. This prescription gives the pole 
positions closer to those of the corresponding Breit-Wigner forms on the real 
axis. 



Close to the pole position the amplitude can be approximated by its Laurent 
expansion where the dominant term is given by 

for an s-wave resonance. Consequently the residue of T^- at the pole position 
gives QiQj, where gi is the effective coupling of the dynamically generated 
resonance to the i-th channel. 

It is also interesting and relevant for the forthcoming discussion to obtain 
the couplings of the resonances to the states labeled by the SU (3) irreducible 
representations. The scattering amplitude of the octet meson and octet baryon 
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can be decomposed into the following irreducible representations: 



8©8 = lffi8©8'©10©10©27 



(8) 



Among the above representations, only 1, 8, 8' and 27 are relevant for / = 
0. The couplings in the SU(3) basis can be obtained by transforming the 
amplitude from the isospin basis to the SU(3) one by means of the matrix 
U, where U ia = (i,a), with a labeling the SU(3) state. By using the SU(3) 
Clebsch-Gordan coefficients [80,81], the explicit expression of U for S — — 1 
and / = is 
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3 

2VE 



(9) 



/ 



where the isospin states are in the order KN, 7rS, r]A, KS and the SU(3) 
ones in the order 1, 8, 8', 27. A matrix quantity X 1 in isospin basis can be 
transformed into that in SU (3) basis by 



(10) 



The matrix X can be the amplitude T and the interaction V. If X is an SU (3) 
symmetric quantity, its expression in SU (3) basis should be a diagonal matrix. 
For instance, the C matrix in SU{3) basis is given by 



6 
3 
3 



\ 



V 



;n) 



The physical scattering amplitude contains the SU(3) breaking, so that the 
Tap^ is 110 longer a diagonal matrix. However, the resonance poles are in- 
dependent of the channels as seen in Eq. (7). All the channel dependence is 
summarized in the residues, or the couplings of the resonance to the channels. 
Applying Eq. (10) to the resonance amplitude (7), we obtain the coupling 
strength of the resonance in the SU(3) basis as 



(gi, 9s, 98', 927) = {9kn, 9nx, 9 v a, 9ks) U, 
which is also valid for the physical scattering with SU(3) breaking. 



;i2) 



The signs of the coefficients in Eq. (11) imply that the meson-baryon inter- 
action in the SU(3) symmetric case is attractive for the singlet and the two 
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octets and repulsive for the 27-plet. Actually, when looking for poles, it was 
found in Ref. [42] in the SU(3) symmetric case one pole for the singlet and two 
degenerate poles in the real axis for the octets. As SU (3) is gradually broken 
by using different masses within each multiplet, the SU (3) states mix and two 
branches emerge from the initial octet pole position and one from the singlet 
pole. The branches finish in the physical mass limit situation with two poles 
very close to the nominal A(1405) resonance and another one corresponds to 
the A(1670) resonance [18,42]. In tables 1 and 5 of Ref. [42] the different poles 
and their corresponding couplings to the different isospin and SU(3) meson- 
baryon states are shown. We can see in those tables that the lower mass pole 
{z\ in the following) of the A(1405) has the wider width and couples dom- 
inantly to 7r£, while the higher mass pole (zq) has the narrower width and 
couples dominantly to KN. This is understood also by the attractive interac- 
tions in 7rS and KN channels in isospin basis [49]. By looking at the SU(3) 
couplings it can be seen that the Z\ pole has retained dominantly the singlet 
nature it had in the £77(3) symmetric situation but it has an admixture with 
the octet. The Z2 pole of the A (1405) has, in the physical situation, dominant 
component of the singlet but it also has a strong contribution from the octet 
states. 



3 Extension of the model to arbitrary N c 

In this section, we discuss how to extrapolate the present model shown in the 
previous section to arbitrary number of colors, N c . Generally it is hard to cal- 
culate exact values of the parameters in the effective Lagrangian directly from 
QCD, while it is relatively easy to obtain the N c dependence of the param- 
eters in a model independent way. To extend our model to arbitrary N c , we 
need to know the N c dependence for the ingredients of the present formulation 
appearing in Eqs. (2) and (4), that is, the masses and decay constants for the 
pseudoscalar mesons m 8 and /, the baryon masses Mj, the CV,- coefficients and 
the renormalization procedure of the G functions. The N c dependence of the 
mesonic quantities is well-known. The meson mass and decay constant scale 
as 0(1) and 0(N^ 2 ), respectively, in the leading N c expansion. Here we as- 
sume that the meson mass and decay constant in arbitrary N c are given by 
^i(A c ) = TOj and f(N c ) = f ^jN c /3 with / being the value at N c = 3. The 
N c dependence of the other quantities related to baryons, that is baryon mass, 
the Cij coefficient and the regularization of the G function, will be explained 
in detail below. 

An important point for the N c scaling of baryons is the assignment of the 
flavor £77(3) representation to the baryon in arbitrary N c . Since, in the N c 
world, baryons are composed by N c quarks, the flavor contents of the baryon 
are not trivially given. In the meson case, since the number of quarks in a 
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meson does not change, the flavor of the meson remains the same as the 
N c = 3. For baryons, in principle we have three ways to extend the flavor 
representation of the baryon [73]. In this work, we mainly use the standard 
extension which keeps the spin, isospin and strangeness of the baryon as they 
are in N c = 3. This is suitable for discussing the flavor SU(3) breaking. In 
the standard extension, the baryon belonging the [p, q] representation in the 
tensor notation extrapolates as 

(13) 

in arbitrary N c . In Sec. 4.2, we briefly discuss the other extensions. We call 
also the flavor representation in arbitrary N c for the baryon belonging to the 
R representation in N c = 3 by "il" [71,72,73]. 

3.1 Baryon masses 

The general counting rule for a baryon made up of N c quarks establishes that 
the mass scales as M ~ 0(N C ) [64]. The mass splitting due to the flavor SU (3) 
breaking appears from the order of 0(1) in the 1/N C expansion [82]. Thus, we 
assume that the baryon masses in arbitrary iV c are given by 

N 

Mi = M ^ + 5, (14) 

with M = 1151 MeV and the flavor symmetry breaking Si being Sn = —212, 
5a = —35, <5e = 42 and S~, = 167 in units of MeV. The Mq is the averaged 
value of the observed octet baryon masses, since the other mass splittings 
than the flavor symmetry breaking appear from 0(1/N C ) [83,84]. The SU(3) 
breaking parameters for each octet baryon are fixed so that Eq. (14) reproduces 
the observed masses at N c = 3. With these extensions of the meson and 
baryon masses to arbitrary N c , the values of thresholds for the meson-baryon 
scattering is also extended to arbitrary N c up to 0(1). 

3.2 Coupling strengths 

For the N c dependence of the coupling strengths C ij: let us start with the 
strengths in the SU (3) basis. The channel labeled by the R irreducible rep- 
resentation at N c = 3 belongs to the representation in arbitrary iV c , 
which is given explicitly by Eq. (13) for the standard extension. Once the 
representation of the channel is fixed, the coupling strength can be obtained 
in a diagonal matrix of which the elements are determined only by a group 



[p, q] 



p,q + 
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theoretical argument [39,40]: 



n SU(3) 



+ 



V. 




3 
3 









V 



2 



(15) 



The channels are in the order "1", "8", "8"', "27". At N c = 3, this is reduced 
to Eq. (11). The coupling strength in the isospin basis can be obtained by the 
Clebsch-Gordan coefficients with N c dependence [85]. Taking into account the 
phase factor correctly, we obtain the matrix U(N C ) as 



U ia (N c ) EE 

/ 



Nc-1 
N c +5 



N c +5 



6(JV e -l) 
D 

-3(N C +1) 
V2D 



2(N C + 2] 



1 6 


V D(N c ^r 


-r) 


1 N c -1 


1 2D(iV c + 


7) 


\ 1 N c -\ 


-3 



\ V (N c +5)(N c +3) 



D(N c +3) 



2(Nc+3)(N c -l) 
D(N c +7) 



{N c +7)(N c +5) 

N c -1 
(N c +7)(N c +5) 

N c +3 
(Ar c +7)(iV c +5) 

(Nc+3)(Ng+l) 
(N c +7)(N c +5) ) 

(16) 



with D = 5N* + 22N c + 9. This corresponds to Eq. (9) at iV c = 3. The coupling 
strengths in the isospin basis are given through Eq. (10) by 



A(3 + i\Q 



CUNc 



4 






V3+N~c 
2 



\ 



V 



-IV-l+N c 
1(9 -N e ) ) 



(17) 



with Ch = C\-. The channels are in the same order as before, which means 
the counterparts in arbitrary A^ c to KN, 7rS, 77A, and K'E at N c = 3 1__|. Note 
that strengths in the diagonal KN and K'E channels are 0(N C ), and the neg- 
ative N c dependence in the K'E channel changes the sign of the interaction 
from attraction to repulsion for N c > 9. On the other hand, the off-diagonal 
elements (and diagonal 7rS and 77A ones) are not more than 0(y/Nc), so that 
any transitions among these channels vanish faster than l/\/W c in large N c 
together with an extra N c dependence coming from 1/f 2 factor in the inter- 
action (2). This means that the meson-baryon scattering for these channels 
becomes essentially a set of single-channel problems in large N c limit, even 



1 The baryons here should be understood to belong the "8" and have different 
charge and hypercharge from the N c = 3 case. 
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with the £77(3) breaking in the meson and baryon masses. This point will be 
important in the discussion of the large iV c limit in section 4.1 



3. 3 Regularization procedure 



The Gi function in Eq. (4) can also be interpreted as the loop function of a 
meson and a baryon 

_ . r d 4 q 2Mi 1 

Gi(W) - l J (p _ q)2 _ M 2 +%eq2 _ —2 + le > ( 18 ) 

with the incoming four-momentum P = (W, 0, 0, 0) in the center of mass 
frame. Since this loop function diverges logarithmically, an appropriate reg- 
ularization procedure is necessary to proceed the calculation, such as the 
three-momentum cut-off and the dimensional regularization. The regulariza- 
tion brings parameters which cannot be fixed within the scattering theory. 
These parameters have turned out to be very important for the structure of 
the dynamical generated resonances as shown in Refs. [86,87]. Thus, we discuss 
several regularization schemes, paying strong attention to the N c dependence 
in the regularization parameters. 

For an interpretation of the scale of the ultraviolet cutoff, the momentum 
cutoff scheme is suitable. Adopting the three-momentum cutoff g max for \q\, 
we can regularize the loop function as 



Gf(W) 



2Mj 
(4tt) 5 



In 



Qmax 



H In 

s mil + ef 



-M(i + C)(i + C M )] 



w 



with 



A,- =M? - ml 



Ln- ( a )=ln[±a=FA + 2ftWe 

-M 



S" = 



m i 
1 H — 

2 ' 

^max 



\ 



Lnf ± ( S ) 



Qmax 



ln[±s ± A + 2ftW^ 



Ah 



The value q max ~ 630 MeV was used in Ref. [17] to reproduce the meson- 
baryon scattering in S — — 1 channel. The fact that the order of magnitude 
of the cutoff is about 1 GeV can be understood from the point of view of the 
effective theory in the following way. We can consider two possible scenarios 
for the origin of the numerical value of the cutoff [69]: i) it corresponds to 
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the scale of the spontaneous chiral symmetry breaking g max ~ 4irf ~ 1 GeV. 
ii) it corresponds to the mass of a heavier qqq state integrated out in order 
to construct the effective theory. These interpretations of the cutoff provide 
a natural N c scaling of q max , If the i) scenario determines the energy scale of 
the cutoff, then the N c scaling of the cutoff should be g max ~ 0{-\/W c ) since 
/ ~ 0(\/W c ). Therefore, a natural integral cutoff should scale as \fW c but no 
faster, otherwise the loop momentum could get values larger than the scale of 
the effective theory. We call this scheme as "scaling cutoff". In the ii) scenario 
the cutoff would scale as g max ~ (9(1) since the energy difference between 
ground state baryons and excited baryons scale as 0(1). We refer to this 
scheme as "unsealing cutoff" . In anyway, the options of the N c dependence on 
the cut-off parameters should be only viewed as indicative and representative 
of possible N c dependence of the cutoff. The difference between the results 
obtained with the dependence is an estimation of the uncertainty from this 
source. 

The dimensional regularization scheme provides the loop function whose ana- 
lytic structure is consistent with the dispersion integral (5): 



G? m (W) = -—-{ ai(fx) + ln — — + — In — 



771; 



+^[Lm i++ (s) + Ln ii+ _(s) - Ln* _+(s) - Ln* ,__ (s)] }, 



with 



Ln ii+± (s) = ln[s ± A, + 2q % W\, Ln, _±(s) = ln[-s ± A, + 2q t W}. 

There is one degree of freedom of regularization, corresponding to the cutoff 
<7 max in the three-momentum cutoff scheme. For this degree of freedom we 
introduce the parameter /j m at which Gf im (W = ji m ) = is required. In the 
577(3) symmetric limit, we choose this scale at baryon mass /j m = Mj. For 
the physical scattering case, the scale \i m is taken to be Ma for all channels as 
in Ref. [19], which gives a reasonable description of the KN scattering. The 
scale fi m is regarded as the matching scale of the full amplitude to the 
interaction kernel Vy , and can be used to study the origin of the resonances as 
explained in detail in Refs. [86,87]. In this regularization, we take the matching 
scale \i m at arbitrary 7V C as the A mass M\ given in Eq. (14). 

In this section, we have discussed three different scalings for the regularization 
procedure: two (scaling and unsealing) for the cutoff and one for the dimen- 
sional regularization methods. In the analysis of physical resonances, we will 
consider all three possibilities to see uncertainties of the theory. As we will find 
later, however, all three procedures give qualitatively similar results, leading 
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to the same conclusions. 



4 Analysis in the large iV c limit 

4-1 Bound state in the large N c limit 

In this section, we consider the meson-baryon scattering and the possibility of 
having a bound state in the large N c limit. Let us start with the problem in 
577(3) symmetric limit for simplicity. In this case, there is no channel coupling, 
and we can follow the argument given in Refs. [39,40] for single-channel scat- 
tering. The mass of the target hadron is simply given by Mt{N c ) = MqN c /3 
where M is the value at N c = 3. Adopting the dimensional regularization 
scheme, we study the existence of a bound state through the critical cou- 
pling C cri t introduced in Refs. [39,40]. The critical coupling is calculated for 
arbitrary N c as 

= f Jffr vr ( 19 ) 

m[— G(M T (N C ) + m)\ 

If the coupling strength (15) is larger than this critical value, a bound state 
is generated in the scattering amplitude. At iV c = 3, the critical coupling is 
C crit ~ 2.4, so the attractive forces in 1, 8 and 8' generate three bound states. 

We plot C crit {N c ) in Fig. 1, with M = 1151 MeV and f = 93 MeV together 
with the coupling strengths relevant for S — —1 and 7 = channel. As seen in 
the figure, C cr it(iV c ) increases as N c increases. It can be proved that C CTit (N c ) 
does not increase faster than N c /2, which is the N c dependence of the coupling 
strength for the "1" channel in the large N c limit. Indeed, in ref. [40] a explicit 
expression for G(Mt(N c ) +m) is given (see eqs.(7) and (21) of ref. [40]), from 
where it can be easily shown that, in the large N c limit, G(Mt + m) goes as 

W[) + m) ^™l„W, (20) 

Att z m 

Therefore, since M T (N C ) and f(N c ) increase as 0(N C ) and 0(iV c 1/2 ), respec- 
tively, the critical coupling scales as (9(7V"™ <1 ). This is slower than 0(N C ). 
Thus the positive linear N c dependence of the coefficient always generate 
a bound state in the large N c limit. On the other hand, the attraction in "8" 
channel becomes smaller than C cr it(A c ) at larger value of N c . In the large N c 
limit, therefore, there is only one bound state in the singlet channel, instead 
of three, found at N c = 3. 

As we have noted in Eq. (17), the off-diagonal couplings of the meson-baryon 
interaction in the isospin basis vanish in the large N c limit. This means that, 
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Fig. 1. N c dependence of the coupling strengths C a with a = "1", "8", and "27" 
(the dotted, dashed, and dash-dotted lines, respectively) together with the critical 
coupling strength (solid line). The vertical dashed line represents N c = 3. 



even with 577(3) breaking, the scattering in the isospin basis behaves as a 
single-channel problem at sufficiently large N c . The coupling strength of KN 
channel in the large N c limit is the same as the one of the singlet channel 
in the S77(3) basis. Therefore, by following the same argument as the SU(3) 
symmetric case, we conclude that there is one bound state in the KN channel 
in the large N c limit. It was found in Ref. [49] that the KN interaction develops 
a bound state at N c = 3, when the transition to other channels are switched 
off. Thus, as in the SU(3) singlet channel, the KN bound state found at 
N c = 3 remains in the large N c limit in contrast to the mesonic resonances, 
while the other states, such as a resonance in 7rS channel, disappears in the 
large N c limit. 



In this section, we have found that the meson-baryon state remains bound in 
the large N c limit, both in the SU(3) singlet channel and in the KN channel. 
It is interesting to consider the relation of this result to the kaon bound state 
approach to the Skyrmion [74,75]. In this picture based on 1/N C expansion, the 
A(1405) is described as one bound state of an antikaon and a nucleon. In the 
chiral unitary approach, the A(1405) is described as the two poles generated 
by the attractive interaction in A^A" and 7rS channels. But taking the large 
N c limit, only one of them survives as a bound state in the A' A" channel, 
which may correspond to the bound state found in the Skyrmion approach. 
This ensures the correct behavior of our amplitude at large N c limit, while at 
the same time, it also suggests the importance of the 7rS interaction which is 
the subleading effect of the 1/N C expansion, when one consider the physical 
system with A" c = 3. 
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Table 1 

General expressions of the coupling strengths C « » ujm for the baryon representa- 
tion T = [p, q] with three different N c extensions, Eqs. (13), (21) and (22). 

a (13) (21) (22) 

[p+ 1,9+1] *=gz-p- q ^k-p- q 2,-N c -p-q 

\p + 2,q-l] 1-p 4-N c + p 

[p- l,g + 2] *=g*-q l-Q 

\p,q] 3 3 3 

\p,q] 3 3 3 

[p+l,q-2] ^ + q ^f- + q 3 + q 

[p- 2,(7 + 1] 3+p ^+p iV c +p 

[p- 1,9-1] ^+p + 9 ^P+P + 9 l + iV c +p + g 
^.2 Other N c extensions 



Thus far we have used the standard large N c extension for the baryon rep- 
resentations given in Eq. (13). The merit of this generalization is that spin, 
isospin and strangeness of the baryon are the same as those at iV c = 3, while 
the baryon has different charge and hypercharge from those at N c = 3. It is 
known that there are two other extensions of the baryon flavor in arbitrary 
N c [73]: 



[P, q] 



P+ — g — ,q+ — 



(21) 



[p, g ]-[p + jV c -3,g]. (22) 

These extensions have some advantages, but the baryons constructed in these 
ways have unphysical strangeness and spin (see Ref. [88] for detail). With these 
extensions, the general expressions of the coupling strengths of the WT term 
are given in Table 1. It can be seen that the strengths of the exotic channels 
[p+1, 9 + 1], [p+2, q — 1] and [p — 1, q + 2] have negative or constant dependence 
on N c . In the context of Refs. [39,40], we confirm that the nonexistence of the 
attractive interaction in exotic channel in any generalizations of the flavor 
representations. 

Turning back to the S = — 1 and 1 = scattering, the relevant channels 
are "a" = "1", "8", and "27" with "T" = "8". The coupling strengths of 
these channels are given in Table 2. As seen in the table, the coefficients of 
the linear N c dependence for the "1" channel in nonstandard extensions (21) 
and (22) are 2/3 and 1, which are larger than that in the standard extension 
1/2. This means that the singlet bound state exists in all cases. Thus, the 
qualitative conclusion of the previous subsection remains unchanged when we 
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Table 2 

Coupling strengths relevant for S = — 1 and 1 = meson-baryon scattering with 



"a" 


(13) (21) 


(22) 




9 i N c a , 2AT C 
2 ~ 2 41 3 


3 + iV c 


"8" 


3 3 


3 


"27" 


1 AT C 27V C 

2 2 3 


l-N c 



adopt different methods of the extension of the flavor representations. 



5 Structures of resonances and comparison with quark picture 

In this section we investigate the structure of the resonances obtained in the 
present formulation with £77(3) breaking by comparing the quark picture of 
the resonances. The £77(3) breaking effects are implemented in the masses of 
the pseudoscalar mesons and baryons, which are fitted by the observed masses 
at N c = 3. The present model successfully reproduces phenomenological prop- 
erties of the A(1405) and A(1670) very well at N c = 3. Exploiting the present 
description of the resonances, we investigate the structure of the resonances. 
For this purpose, first we show the N c behaviors of the pole positions (mass 
and width) and the couplings to various channels, and then we interpret the 
iV c behaviors in terms of the inner structure of the resonances by comparing 
with those expected by the quark picture. 

We will not take values of N c very far from N c = 3 for the following reason. 
The resonances described by the present formulation can have some admix- 
ture of genuine preexisting qqq components for N c = 3. These components 
certainly have different N c behaviors than the dynamical molecule, but we do 
not consider the N c dependence of such component. Hence, for very large N c 
these admixture could be different from what the resonances have intrinsi- 
cally. For instance, even if a very small component of the genuine quark state 
is present at N c = 3, the genuine quark may show up for sufficiently large N c 
since the quark states survive in the large N c limit. Thus, in order to study 
the quark structure of "physical" resonances, we vary N c from 3 to 12 in the 
analysis. 

5. 1 N c behaviors of pole positions and coupling strengths 

We calculate masses and widths of the resonances in the scattering amplitude 
given in Eq. (4) by looking for the poles of the amplitude in the complex energy 
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plane numerically. We use the N c dependence of the parameters in this model 
as already given in Sec. 3. With the SU (3) breaking, the scattering amplitude 
is calculated in coupled channels and each channel has a different threshold. If 
the poles appear above the lowest threshold, the pole positions are expressed 
by complex number and the poles represent resonances with finite widths. As 
we have discussed in Sec. 2, the A(1405) is described by two poles in this 
approach. In addition, this model reproduces the A(1670) resonance at the 
same time. Thus, at N c = 3 we have three poles in the complex energy plane. 

Calculating the pole positions of the s-wave scattering amplitude with 1 = 
and S = — 1 as functions of N c , we obtain the N c behavior of the pole position. 
In Fig. 2 we show the positions of three poles; two of them appear in energies of 
the A(1405) (upper panels) and the other shows up in energies of the A(1670) 
(lower panels). The horizontal axis in Fig. 2 represents the excitation (or 
binding) energy which is the energy of the resonance measured by the threshold 
of the relevant channel for the resonance. We take the KN channel for the 
A(1405) and the KE channel for the A(1670) as the threshold. Consequently 
the excitation energies are expressed by Re(W^) — M N — uik for the A(1405) 
poles and Re(W R ) — M s — m K for the A(1670). The vertical axis expresses 
the imaginary part of the pole position. We also show the results for the three 
different regularization methods of the G function discussed in Sec. 3.3. In the 
left panels, the results obtained with the dimensional regularization are shown, 
while in the right panels the results with the scaling cutoff (square points) 
and the unsealing cutoff (triangles) are presented. The symbols in the lines 
are placed in steps for N c of 1 unit from 3 to 12. The discontinuity for the two 
A(1405) poles at Re(W^) - M N -m K = is due to the threshold effect. When 
the pole crosses the KN threshold, the width suddenly increases because the 
important KN decay channel suddenly opens. As another threshold effect, it 
happens that two mathematical poles close each other are obtained around 
the threshold with a model parameter set. This is known as "shadow poles" 
consisting in the presence of two nearby poles associated to the same resonance 
if the pole is very close to a threshold. It is a consequence of unitarity (see 
Ref. [89] for further details). 

Regarding the two A (1405) poles, one of them approaches the real axis with 
reducing its width as N c increases. The other A(1405) pole moves to higher 
energy region and the imaginary part increases with N c . Namely, one A(1405) 
resonance tends to become a bound state, while the other tends to dissipate 
by moving away from the physical axis. For the A(1670) pole, both the mass 
and width increase with N c , which indicates the tendency of dissipation. These 
qualitative findings are independent of the choice of the regularization scheme. 
It is worth mentioning that there is a difference among the choices of the 
regularization methods: in the dimensional regularization and unsealing cutoff 
cases, the pole having higher mass at N c = 3 (z 2 ) goes to the bound state as 
N c increases and the lower pole dissipates, while in the scaling cutoff, the 
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Fig. 2. Pole positions of the s-wave meson-baryon scattering amplitudes with 1 = 
and S = — 1 as a function of iV c for the three regularization methods discussed in the 
text. The horizontal axis denotes the real part of the pole position measured by the 
thresholds of the KN channel for the A(1405) and the K3 channel for the A(1670), 
and the vertical axis expresses the imaginary part of the pole position. The value of 
N c varies from 3 to 12 as indicated by arrows. The two upper panels correspond to 
the two A(1405) and the lower panel to the A(1670). The calculation for the plots 
in the left side, (a) and (c), is done with the dimensional regularization method. 
The calculation for the plots in the right hand side, (b) and (d), is performed with 
the cutoff method. The lines with the squares in the right panels is for the scaling 
cut-off, (/ m ax ~ 0(\/^c)> while the lines with the triangles is for the unsealing cut-off 

<?max ~ 0(1). 



behavior is the other way around. In fact, it is very sensitive to the value of 
the meson decay constant which pole goes to the bound state in larger A^ c . For 
instance, if we use a bit larger decay constant like f(N c = 3) = 1.2 x 92.4 MeV 
than the original f(N c = 3) = 1.123 x 92.4 MeV, the three schemes provide 
the same behavior, in the sense that the higher pole goes to the bound state. 
However it is not relevant physically which pole goes to the bound state, but 
it is important what properties the pole going to the bound state has. As 
will become clear when we evaluate the flavor components of the poles, the 
properties of the poles are not dependent on the choice of the regularization 
schemes. This means that they manifest the qualitative important behavior 
that one resonance tends to become a bound state while the other one tends 
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to dissipate by moving away from the physical axis. 

In order to illustrate further the properties of the dynamically generated res- 
onances, it is very interesting to evaluate the SU (3) contents of the poles as 
functions of N c . This also makes clear connection with the large N c analysis 
in Sec. 4.1. As explained in Sec. 2, the SU(3) contents of the poles are calcu- 
lated by the residues of the scattering amplitudes at the pole positions. The 
coupling constants in the SU(3) basis are obtained in Eq. (12) by the unitary 
transformation from the isospin basis. In Fig. 3, we show the N c dependence 
of the coupling ratio, g a /gi, for the channel a in absolute value. The calcu- 
lations are performed using the dimensional regularization method. In order 
from the top, the panels represent the lower mass A(1405) (at N c = 3), the 
higher mass A(1405) and the A(1670) respectively. In the central panel we can 
see that the the higher pole of the A (1405) becomes dominantly the singlet 
flavor- 577 (3) state as N c increases, while the lower A(1405) pole, which goes to 
infinite width, becomes essentially 8 and the A(1670) one becomes essentially 
8'. This is consistent with what we have found in the large N c limit. 

In Fig. 4 we also show the couplings of the three poles in the isospin basis by 
taking their ratios of the coupling to the KN channel for reference, \gi\/\9KN\- 
We can see in the upper panel that the lower A(1405) pole, which becomes 
essentially octet for larger N c , couples dominantly to the 7rS state. On the 
contrary, the higher A(1405) pole, shown in the central panel, couples domi- 
nantly to KN. The lower panel in Fig. 4 shows that the strongest coupling of 
the A(1670) to the 7TS state gets weaker as N c increases and the coupling to 
the 7]A channel becomes stronger. 

These analyses of the coupling strengths indicate that the dominant com- 
ponent of the resonances associated with the pole becoming bound state is 
flavor singlet (KN) in the SU (3) (isospin) basis, whereas such component in 
the dissipating resonance becomes less important. 

It is interesting to evaluate the coupling strengths of the two A(1405) poles 
with the scaling cutoff method because, in this case, as we have already seen 
above (see Fig. 2(a) and the squares in Fig. 2(b)), the movement of the poles 
is different from that obtained in the dimensional regularization scheme, that 
is, the lower mass pole is the one becoming the bound state. Evaluating the 
residues in the same way, we see in Fig. 5 that the lower mass pole (z±) is 
dominated by the singlet (KN) in the scaling cutoff scheme. Therefore, the 
dominance of the flavor singlet and KN components for the would-be-bound- 
state is independent of the choice of the regularization schemes and the original 
position of the poles at N c = 3. This result leads us to conjecture that the 
pole showing the tendency to become a bound state is smoothly connected to 
the bound state found in the idealized large N c limit. 
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Fig. 3. Couplings of the three poles in the SU (3) basis divided by the singlet channel, 
9a I <7i- The calculation is done with the dimensional regularization method. The two 
upper panels correspond to the two A(1405) and the lower panel to the A(1670). 

5.2 The N c scaling of the resonance parameters 



In this section, we investigate the internal structure of the resonances based on 
the findings obtained by the above analyses. As explained in the introduction, 
the study of the N c dependence of the resonance parameters, such as mass M R , 
excitation energy AE = Mr — M — m and width Tr, can provide relevant 
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Fig. 4. Couplings of the three poles in the isospin basis divided by the KN channel, 
9i/dKN- The calculation is done with the dimensional regularization method. The 
two upper panels correspond to the two A(1405) and the lower panel to the A(1670). 

information on the nature of the resonances by comparing to the quark picture. 
QCD establishes particular N c behaviors for ordinary qqq baryons as 



M R ~0(N c ), AE~0(1), r fl ~0(l). 



(23) 



Therefore, any deviation of our calculation from these general counting rules 
for qqq baryons suggests the dynamical origin of the resonances under consid- 
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eration. 



Let us study first the N c dependence of the mass of the resonance. The mass 
of the resonance is obtained by the real part of the pole position. In Fig. 6, 
we show the masses of the resonances normalized by the values at N c = 3, 
M R (N C )/M R (3), for the three poles obtained with the dimensional regular- 
ization method. This figure shows that an almost linear N c dependence is 
obtained for each state. This looks consistent with Eq. (23), but it may 
not directly lead to the conclusion that these resonances are qqq dominant 
states. For instance, the N c scaling of a meson-baryon molecule state would 
be M M b ~ M B + m ~ 0(N C ) where we used the scaling of ground state 
mesons and baryons, and assumed that the binding (excited) energy of the 
molecule is small compared to Mmb- If this is the case, the meson-baryon 
molecule state cannot be distinguished from the qqq state, by looking at the 
N c behavior of the masses. In this respect, the N c scaling of the mass is not 
very useful to disentangle the qqq state from the dynamical content. 

Next we consider the N c scaling of the excitation energy. In Fig. 7 we plot 
the excitation (or binding) energies AE = M R — M R — m of the three poles 
as functions of N c . We have normalized AE to the value at N c = 3 for each 
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Fig. 6. Resonance masses as functions of N c for the three poles normalized to the 
value at N c = 3. The calculation is done with the dimensional regularization method. 
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Fig. 7. Resonance excitation energy, (AE = Mr — Mr — m), as a function of iV c for 
the three different poles normalized to the value at iV c = 3. The calculation is done 
for the dimensional regularization method. 

particular pole. QCD predict£i| for qqq baryons that AE ~ C(l) [64,76,77]. 
We see in Fig. 7 that our results do not manifest the constant behavior. For 
all the poles AE increases in their magnitude as N c increases. Since AE is 
much smaller than Mr and Mb + m, it barely modifies the linear behavior of 
Mr in Fig. 6. One should keep in mind that these resonances are generated 
within a coupled channel model and hence several meson-baryon states (KN, 
7r£, t]A and KS) contribute to their composition. Therefore, the simplified 
interpretation of the binding (excitation) energy should be taken with care. 
Hence, the study of the N c dependence of AE should also be considered as 
indicative but not conclusive. 



Much more illustrative and conclusive statements for the understanding of the 
nature of these resonances can be obtained by studying the N c scaling of the 
resonance width, Tr. The resonance width is given by twice the imaginary part 
of the pole position. In Fig. 8 we show Tr normalized to the value at N c = 3 
for the dimensional regularization method. The general QCD counting rule 



2 Strictly speaking, the general counting rule tells us that Mr — Mr ~ 0(1)- 
Combined with m ~ 0(1), we can infer the present definition of the excitation 
energy AE ~ 0(1). 
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Fig. 8. N c behavior of the widths of the two-A(1405) and the A(1670) resonance. 
The calculation is done for the dimensional regularization method. 

for qqq baryons predicts 0(1) behavior for the width of an excited baryon. 
Our results are clearly different from this constant behavior. The width of 
the higher A(1405) pole (dashed line), which tends to become a singlet state, 
goes to zero as N c increases. This is again essentially a consequence of the 
non-trivial iV c dependence of the meson-baryon interaction steming from the 
N c dependence of the SU(3) representation for baryons. The widths of the 
other A(1405) and the A(1670) poles increase with N c . In all the cases the 
widths of the resonances do not follow the constant behavior expected from 
the general counting rules for the widths of qqq states. We have checked that 
the results with the other regularization methods (cutoff), not shown in the 
figure, are similar and hence our results are independent of the choice of the 
renormalization procedure and its N c dependence. 



6 Conclusions 



We have studied the N c behavior of the baryon resonances and meson-baryon 
scatterings with S — — 1 and 1 = from the viewpoint of the chiral unitary 
approach. Introducing N c dependence of the model parameters, we have ana- 
lyzed two different situations; meson-baryon scattering in the large N c limit, 
and the N c behavior of the A(1405) and A(1670) resonances not very far 
from N c — 3. We have discussed important and nontrivial N c dependence in 
the Weinberg- Tomozawa interaction, which leads to an 0(1) attraction in the 
large N c limit for the flavor singlet channels in the SU (3) bases. The attractive 
interaction in this channel is strong enough to create a bound state, unlike 
the states associated to the other representations. The existence of this bound 
state does not depend on the framework of the large N c extension of baryon 
representations. We have obtained the coupling strengths in the isospin basis 
through the Clebsch-Gordan coefficients with N c dependence. It is found that 
the transition between isospin channels vanishes in the large N c limit, and the 
diagonal KN channel manifests an (9(1) attraction, which is again sufficiently 
strong to generate a bound state in the large N c limit. 
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In order to investigate the properties of physical resonances, we have explic- 
itly broken flavor SU(3) symmetry by using the physical pseudoscalar and 
baryon masses. On top of the trivial N c dependences of hadron masses and 
decay constants, we have included the N c dependences of the WT interaction 
and the cutoff scale in different regularization methods. The positions and 
residues of the poles associated to the A(1405) and the A(1670) resonances 
have been studied as functions of N c . It is found that one of the two A(1405) 
poles tends to become a bound state, and the other A(1405) and the A(1670) 
poles are dissolving into the scattering states. The coupling strengths tell us 
that the pole becoming the bound state is essentially dominated by the flavor 
singlet and isospin KN components, while the dissolving states are made of 
other components. This observation indicates that the pole with decreasing 
width will eventually become the bound state found in the large N c limit. 
These results are independent of the renormalization procedure and its N c 
dependence. 

We have also evaluated the N c dependence of the mass, excitation energy and 
width of the A(1405) and the A(1670) resonances. The results for the width 
are at odds with the general QCD counting rules for qqq states. This means 
that the nature of these resonances are definitely not dominated by the qqq 
component. These findings reinforce the meson-baryon "molecule" nature of 
the A(1405) and the A(1670) resonances within the chiral unitary approach. 

The technique used and the results obtained regarding the N c behavior of 
these baryonic resonances represent a step forward in the understanding of 
the connection with the underlying QCD degrees of freedom and the method 
can be apllied to study other baryonic resonances. 
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